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MA 137 FarL 2018

HOMEWORK 21 - DIFFERENCE EQUATIONS: STABILITY

1. (Problem # 3, p. 260)

Assume the discrete-time population model

Nipg1 =bN,, t=0,1,2,...

Assume also that the population increases by 2% each generation.

(a) Determine b.

(b) Find the size of the population at generation 10 when Ny = 20.

(¢) After how many generations will the population size have doubled?

Solution:

and

tations.

Thus, b = 1.02.
(b) Ny =20
Ny =1.02-
Ny =1.02-
N3 =1.02-
Ny=1.02-
N5 =1.02-
Ng =1.02-
Ny =1.02-
Ng =1.02-
Ng =1.02-
Nig=1.02-

No=1.02-
Ny =1.02-
Ny =1.02-
Ny =1.02-
Ny=1.02-
Ny =1.02-
Ng =1.02-
N;=1.02-
Ng =1.02-
No =1.02-

so general formula for NV is

(a) Since we assumed that the population increases by 2% each generation this means that the
next term in the model is going to be 102% of the last one, but 102% in decimal form if 1.02.

20=20.4

20.4 = 20.808

20.808 = 21.22416

21.22416 = 21.6486432

21.6486432 = 22.081616064
22.081616064 = 22.52324838528
22.52324838528 = 22.9737133529856
22.9737133529856 = 23.4331876200453
23.4331876200453 = 23.9018513724462
23.9018513724462 = 24.3798883998951

But you can also notice that for example

Ny =1.02- Ny = 1.02-1.02 - Ny = (1.02)? N

N3 =1.02- Ny = 1.02- (1.02)? - Ny = (1.02)>No,

Ny = (1.02)' Ny = 20(1.02)*, since Ny = 20. (1)

Thus we can obtain Nig = 20(1.02)'° = 24.3798883998951 which agrees with above compu-
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(¢) To find out after how many generations will the population size have doubled, we can con-
tinuous the above computation and see ¢ after which the population is great than or equal
to 40. But the better way to do it is to use the general formula in (1), set it equals to 40 and
solve to t. That’s

40 = 20(1.02) <= 2=(1.02)) <= In(2)=1tIn(1.02)

d
o In(2)

" In(1.02)
Thus, after t = 36 generations the population size will have doubled, N3¢ == 40.7977.

~ 35.00279.

Note: We need to round up our ¢ to 36, since N35 ~ 39.9978 < 40.
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2. (Problem # 9, p. 260)
Use the stability criterion to characterize the stability of the equilibria of

2 5
Tiy1 = —gxt, t=20,1,2,...

[SSRIN )

Solution:
First, we need to find all the equilibria of the above difference equation. To find those we need to
solve the following equation

2 2,

Since it’s a second degree polynomial we can either use quadratic formula or factoring to obtain
to fixed point (i.e. equilibria)

r=—- and I =-2.
2

Now, notice that our difference equation has the form x;y; = f(x) where f(x) = % - %1‘2. Thus

using stability criterion we can determine where or not our fixed points are stable.

So f'(z) = —4z and

1 4 1 4 1
/ — = | = = — 1 T = —1 1 ll i
f <2>‘ ’ 3 2‘ 5 < = 2z 5 18 locally stable fixed point,
, 4 8 . . .
’f (-2)| = —g(—2) =3 >1 == 2 = —2is locally unstable fixed point.
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3. (Problem # 13, p. 261)

(a) Use the stability criterion to characterize the stability of the equilibria of

5x?
=—7, t=0,1,2...
s 4+ 22

(b) Use cobwebbing to decide to which value x; converges as t — oo if (i) 9 = 0.5 and (ii) zo = 2.

Solution:
(a) First, we need to find all the equilibria of the above difference equation. To find those we
need to solve the following equation
5

Which is equivalent to 53% = (4 + 22). Since it’s a third degree polynomial we can either

use polynomial division or graphing calculator to determine that equilibria are

=0, =1 and z=4.

52
Now, notice that our difference equation has the form z;y1 = f(z;) where f(z) = 11
x

Thus using stability criterion we can determine where or not our fixed points are stable.

40z
So f/(w):mand
40 -
|f(0)| = ‘(4302)2 =0<1 = & =0is locally stable fixed point,
40 -1 4
‘f’(l)‘:‘(lli)p)z :£:§>1 = & =1 is locally unstable fixed point,
40 -4 160 2
"D =l—ms|=——=-<1 1t =4 is locall le fi int.
}f( )} ‘(4+42)2 100°"5 < = I is locally stable fixed point
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(b) For (i) g = 0.5 we can see that z; — 0 as t — oc.

g00=(5x3) 1 (4 + x3) Enter your name here: x_n -

05
. [ Show details
%=05 0.2941

0.1058
0.014

0.0002

[ R R A -
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-02

And for (ii) g = 2 we can see that x; — 4 as t — oo.

Q0= (57) (4 + ) Enter your name here Move: x_n .

=9 [ Show details

X0 2.5

3.0488

35 Zoom:
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4. (Problem # 25, p. 261)

We consider density-dependent population growth models of the form
Nit1 = R(Ny)Ny.

The function R(N) = e"1~N/K) describes the per capita growth.

Find all nontrivial fixed points N (i.e., N > 0) and determine the stability as a function of the
parameter values. We assume that the function parameters are r > 0 and K > 0.

Solution:

To find all nontrivial fixed point N, we are going to solve the following equation:
N = ROVN
N = o (-N/K)

1 = r(1-N/K) (since N > 0)
In(1) = 7(1 — N/K)In(e)

0=r(1-N/K)
0=1—N/K (sincer > 0)
N =K.

Thus . And since K > 0 by assumption, then we have a nontrivial fixed point.

Now, let’s determine conditions under what this fixed point is stable. Since our difference equation
has the form N;1; = f(N;) where f(z) = ¢"(=2/K)g then

F(x) = eri=e/K) (_%) ¢ 4 er(1=z/K)

and
|f(K)|=]-r+1]=|r—1].

Since we are trying to determine condition where fixed point K is stable, then let’s set | f'(K)| < 1.

Thus
r—1l<1 or [0<r<2]

Thus, in conclusion, N = K is a stable fixed point of the above difference equation is 0 < r < 2.
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